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It is proved that if a group of unitary operators and a local semigroup of isome-
tries satisfy the Weyl commutation relations then they can be extended to groups of
unitary operators which also satisfy the commutation relations. As an application a
result about the extension of a class of locally deﬁned positive deﬁnite functions on
the Heisenberg group is obtained. © 2001 Academic Press
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1. INTRODUCTION
Let G · be a group and let B be a subset of G. A function
k:B · B−1 → C is said to be positive deﬁnite on B if
n∑
p=1
n∑
q=1
cpcqk
(
ωp ·ω−1q
)
≥ 0
for any positive integer n and any ω1     ωn ∈ B, c1     cn ∈ C.
1 Both authors were supported in part by the CDCH of the Universidad Central de
Venezuela, Grant 03-14-4425, and by CONICIT, Grant G-97000668.
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Positive deﬁnite functions appear in a natural way in the representation
theory of groups.
Krein [11] proved that if a is a positive real number and if
k 	 −2a 2a → C is continuous and positive deﬁnite then there
exists a K 	 −∞+∞ → C continuous and positive deﬁnite such
that K−2a 2a = k. This result of Krein leads to a natural question: Given
a positive deﬁnite function on B, under what conditions can it be extended
to a positive deﬁnite function on G? This problem has been studied exten-
sively since Krein’s paper up to the present. Also, the problems of the
uniqueness and the description of all the extensions in the Krein result are
related to prediction theory; see for example [5].
Devinatz [4] gave an example of a continuous positive deﬁnite function
on an interval of the unit circle which does not have a continuous positive
deﬁnite extension to the whole circle. Later Rudin [12] showed that for
N ≥ 2 there are continuous positive deﬁnite functions on a rectangle of RN
which do not have continuous positive deﬁnite extension to RN .
Therefore, locally deﬁned positive deﬁnite functions on Lie groups gen-
erally do not extend to positive deﬁnite functions on the whole group.
When additional assumptions are imposed this extension is possible; see
for example [4, 7–9, 13].
We will deal with the Weyl commutation relations and the Heisenberg
group. Two unitary groups with a parameter in R which satisfy the com-
mutation relation of Weyl [16] give rise to a unitary representation of the
Heisenberg group. These commutation relations have been the subject of
investigation in mathematical physics, quantum mechanics, operator theory,
and abstract scattering theory. The reader is referred to [6, 10, and 15] for
information about these topics.
In Section 4 we give an extension result for a special class of locally
deﬁned positive deﬁnite functions on the Heisenberg group. This exten-
sion result is obtained from Theorem 3.1 in Section 3, which says that if a
group of unitary operators and a local semigroup of isometries satisfy the
Weyl commutation relations then they can be extended to groups of unitary
operators which also satisfy the commutation relations. In Section 2 some
preliminaries about local semigroups of isometries are given.
2. PRELIMINARIES
Let 0 < a ≤ +∞ and let I = 0 a.
A local semigroup of isometries on the Hilbert space  is a family
Srrr∈0 a such that:
(i) r is a closed subspace of  ; Sr :r →  is an isometric operator,
t ⊂ r for 0 ≤ r < t < a; and 0 =  , S0 = I .
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(ii) If r t ∈ 0 a are such that r + t < a, then Str+t ⊂ r and
Sr+th = SrSth for all h ∈ r+t .
(iii)
⋃
r∈x a r is dense in x for all x ∈ 0 a.
(iv) If r ∈ 0 a and f ∈ r then the function t → Sth is continuous
on [0,r].
The inﬁnitesimal generator of the semigroup is deﬁned by
Ah = lim
t→0+
Sth− h
t
for h ∈ A
where
A =
{
h ∈ ⋃
r∈0 a
r 	 lim
t→0+
Sth− h
t
exists
}

It can be proved (see [2] and [3] for details) that A is dense in  ;
A:A →  is a skew-symmetric operator, and if A˜ is a skew-adjoint
extension of A to a larger Hilbert space then
Sr = erA˜r for all r ∈ 0 a
3. LOCAL COMMUTATION RELATIONS
Let  be a Hilbert space and let Uxx∈−∞+∞, Vxx∈−∞+∞ ⊂ L
be two strongly continuous groups of unitary operators. It is said that Ux
and Vx satisfy the Weyl relation or the commutation relation if
UxVy = eixyVyUx
for all x y ∈ R.
This commutation relation has been studied from a local point of view
by several authors; see [10] for some results and references.
Based on a result of Jorgensen and Muhly [10] and some facts about
local semigroups of isometries developed by the ﬁrst author [2], we obtain
Theorem 3.1. Let  be a Hilbert space. Let Urr∈−∞+∞ ⊂ L be
a strongly continuous group of unitary operators and let Srrr∈0 a be a
local semigroup of isometries on  such that
(a) Uxy ⊂ y for all x ∈ R, y ∈ 0 a.
(b) There exists α ∈ R α = 0, such that UxSyf = eiαxySyUxf , for all
f ∈ y , x ∈ R, and y ∈ 0 a.
(c) One of the deﬁciency indices of the inﬁnitesimal generator of
Srrr∈0 a is ﬁnite.
218 bruzual and dom´inguez
Then:
(1) There exists a strongly continuous semigroup of contractions
Vrr∈0+∞ ⊂ L such that
(i) Sr = Vr r for all r ∈ 0 a,
(ii) UxVyf = eiαxyVyUx for all x ∈ R, y ∈ 0+∞.
(2) There exists a Hilbert space  containing  as a closed subspace
and two strongly continuous groups of unitary operators U˜rr∈−∞+∞ and
V˜rr∈−∞+∞ contained in L, such that
(i) Ur = U˜r  for all r ∈ R,
(ii) Sr = V˜r r for all r ∈ 0 a,
(iii) U˜xV˜yf = eiαxy V˜yU˜x for all x y ∈ R.
Proof. It is clear that we can suppose that α = 1. Let A be the inﬁnite-
simal generator of Srrr∈0 a and let f ∈ A. Then there exists
r0 ∈ 0 a such that f ∈ r0 and the limy→0+Syf − f /y exists.
Let x ∈ R. Then Uxf ∈ r0 and UxSyf = eixySyUxf if y ∈ 0 r0.
Therefore
Ux
(
Syf − f
y
)
= eixy
(
SyUxf −Uxf
y
)
+ e
ixy − 1
y
Uxf
for all x ∈ R and y ∈ 0 r0.
Taking the limit as y → 0+, we obtain that Uxf ∈ A and
AUxf = UxA− ixIf
for all x ∈ R.
So we have, according to the deﬁnition given in [10, p. 49], that the skew-
symmetric operator A and the unitary group Ux satisfy the inﬁnitesimal
Weyl relation in the strong sense.
Since one of the indices of the operator A is ﬁnite, by Theorem 15
of [10] A has a maximal dissipative extension B in  such that if Vy = eyB
for y ≥ 0 then
UxVyf = eixyVyUx for all x ∈ R y ∈ 0+∞
By Theorem 3 of [2] we have that Sr = Vr r for all r ∈ 0 a, so Part 1
is proved.
By Theorem 15 of [10] there exists a Hilbert space  containing  as
a closed subspace and two strongly continuous groups of unitary operators
U˜rr∈−∞+∞ ⊂ L and V˜rr∈−∞+∞ ⊂ L such that
(i) Ur = U˜r  for all r ∈ R;
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(ii) Vr = PV˜r  for all r ∈ 0+∞, where P: →  is the ortho-
gonal projection;
(iii) U˜xV˜yf = eixy V˜yU˜x for all x y ∈ R.
Since Sr = Vr r we have that Sr = PV˜r r for all r ∈ 0 a.
Let f ∈ r . Then f = Srf = PV˜rf ≤ V˜rf ≤ f, and so
PV˜rf = V˜rf. Therefore Srf = V˜rf and the proof is ﬁnished.
4. EXTENSION OF LOCALLY DEFINED POSITIVE DEFINITE
FUNCTIONS ON THE HEISENBERG GROUP
We shall choose the following convenient coordinates on the Heisenberg
group H = C × R with multiplication given by
z s · z′ s′ = z + z′ s + s′ + 2Imzz′
Theorem 4.1. Let % = z s ∈ H:−a < Imz < a where a is a
positive real number. Let k:% · %−1 → C be a continuous positive deﬁnite
function such that for a ﬁxed α ∈ R α = 0, kz s = eiαskz 0 for all z ∈ C
such that −a < Imz < a and all s ∈ R. Then there exists a continuous
positive deﬁnite function K:H → C such that K%·%−1 = k.
In order to prove this theorem we will need some auxiliary results.
Let % be as in Theorem 4.1 and let k:% · %−1 → C be a continuous
positive deﬁnite function.
We now recall the reproducing kernel formalism of Aronszajn in [1].
For ω0 ∈ % consider the function kω0·:% → C given by kω0ω =
kω0ω−1 and let  be the space generated by these functions.
For b· =∑np=1 bpkωp· ∈  and c· =∑mq=1 cqkλq· ∈  we deﬁne
b· c· =
n∑
p=1
m∑
q=1
bpcqkωpλ−1q 
It is clear that    is a nonnegative sesquilinear form on  and
b· kω· = bω (1)
for all b· ∈  and ω ∈ %.
Let  be the completion of .
It is easy to check that  is a space of scalar valued continuous functions
and that (1) is valid for  elements.
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For y ∈ 0 a let
y = b· ∈  	 b· =
n∑
p=1
bpkzp sp· zp ∈ C
sp ∈ R Imzp ∈ −a+ y a
If ω ∈ H and ω = x+ iy t, x t ∈ R, and b ∈ y , we deﬁne
ρωb· = ρx+iytb· =
n∑
p=1
bpkzp sp·x+iy t−1·
It is clear that ρx+iyt:y →  is an isometric operator. Let y be the
completion of y . Then ρx+iy t can be extended to an isometric operator
from y to  , which will be denoted by ρx+iy t, too.
It is easy to check that
ρx1+iy1 t1ρx2+iy2 t2f = ρx1+iy1 t1·x2+iy2 t2f
if y1 y2 ∈ 0 a, y1 + y2 < a, and f ∈ y1+y2 . We will say that ρ is the
multiplicative family of isometries associated with k.
The following lemma is contained in Theorem 2.1 of [8]. We will give a
simple proof for this particular case.
Lemma 4.1. Let % = z s ∈ H:−a < Imz < a where a is a positive
real number. Let k 	 % · %−1 → C be a continuous positive deﬁnite function.
Let ρ be the multiplicative family of isometries associated with k.
k can be extended to a continuous positive deﬁnite function on H if and
only if there exists a Hilbert space  containing  as a closed subspace and
a strongly continuous unitary representation Rωω∈H of H in  such that
ρx+iyt = Rx+iy ty if x ∈ R, y ∈ 0 a, t ∈ R.
Proof. If k can be extended to a continuous positive deﬁnite function
K deﬁned on H then the multiplicative family of isometries associated
with K is a strongly continuous unitary representation Rωω∈H of H in
a Hilbert space , which contains  as a closed subspace and is such that
ρx+iy t = Rx+iy ty if x ∈ R, y ∈ 0 a, t ∈ R.
Suppose there exists a Hilbert space  containing  as a closed subspace
and a strongly continuous unitary representation Rωω∈H of H in  such
that ρx+iy t = Rx+iy ty if x ∈ R, y ∈ 0 a, t ∈ R.
If ω ∈ % we have
kω = k0· kω−1·
= k0· ρωk0·
= k0· Rωk0·
Therefore Kω = k0 Rωk0· is a continuous positive deﬁnite exten-
sion of k to H .
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Now we prove Theorem 4.1.
Proof. Since for a ﬁxed α ∈ R α = 0, kz s = eiαskz 0 for all z ∈ C
such that −a < Imz < a and for all s ∈ R we have that
kλ·0 s· = eiαskλ· for all s ∈ R and for all λ ∈ %,
kz s· = eiαskz 0· for all s ∈ R and for all z ∈ C such that
Imz ∈ 0 a, and
f z s = e−iαsf z 0 for all z s ∈ % and for all f ∈  .
Let ρ be the multiplicative family of isometries associated with k.
Let
Ux = ρx 0 for x ∈ R
and
Sy = ρiy 0 for y ∈ 0 a
Then we have that Uxx∈−∞+∞ is a strongly continuous group of uni-
tary operators on the Hilbert space  and Syyy∈0 a is a local semi-
group of isometries.
We are going to check that the group Ux and the local semigroup Sy
satisfy the hypothesis of Theorem 3.1.
(a) From the construction of ρ it follows that Uxy ⊂ y for all
x ∈ R, y ∈ 0 a.
(b) Let x ∈ R, y ∈ 0 a, and z s ∈ H such that
Imz ∈ −a+ y a. Then we have that kz s· ∈ y and
UxSykz s· = ρx 0ρiy 0kz s·
= ρx 0·iy 0kz s·
= ρx+iy−2xykz s·
= kz s·x+iy−2xy−1·
= kz−x−iy s+2Imzx−iy+2xy·
= kz−x−iy s+2Imzx−iy·0 2xy·
= e2iαxykz−x−iy s+2Imzx−iy·
In the same way it is obtained that
SyUxkz s· = e−2iαxykz−x−iy s+2Imzx−iy·
So we have
UxSyf = e4iαxySyUxf
for all f ∈ y .
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(c) Let A be the inﬁnitesimal generator of Syyy∈0 a. A natural
modiﬁcation of the argument given in [2, p. 790–791] shows that the closure
of the operator A is the adjoint of the operator W deﬁned by
Wf x+ iy t = − ∂
∂y
f x+ iy t
for f ∈ W  = f ∈  	 ∂/∂yf exists.
The deﬁciency spaces of the skew-symmetric operator A are given by
D± = f ∈ W  	 Wf = ±f
Let f ∈ D− = kerW + I. Then we have that
∂
∂y
f x+ iy t = f x+ iy t
for all x ∈ R, y ∈ −a a, t ∈ R.
Since f x+ iy t = e−iαtf x+ iy 0 we must have that
f x+ iy t = e−iαteygx
for all x ∈ R, y ∈ −a a, t ∈ R, where g:R→ C is a continuous function.
We also have that
AUx′ = Ux′A− ix′I
for all x′ ∈ R.
Taking the adjoint and using that Ux′A∗ = A∗U∗x′ = WU−x′ and
AUx′ ∗ ⊃ U∗x′A∗ = U−x′W (see[14, p. 330]), we obtain that
U−x′W ⊂ WU−x′ + ix′I
for all x′ ∈ R.
Therefore we must have
−gx− x′ = gx− x′ + ix′gx
for all x x′ ∈ R. So it must be that gx ≡ 0, and it follows that one of the
indices is zero.
By Theorem 3.1 there exists a Hilbert space  containing  as a
closed subspace and two strongly continuous groups of unitary operators
U˜xx∈−∞+∞ ⊂ L and V˜yy∈−∞+∞ ⊂ L such that
(i) Ux = U˜x for all x ∈ R,
(ii) Sy = V˜y y for all y ∈ 0 a, and
(iii) U˜xV˜yf = e4iαxy V˜yU˜x for all x y ∈ R.
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Let
Rx+iy t = e−iαte−2iαxyU˜xV˜y 
Since U˜xx∈−∞+∞ and V˜yy∈−∞+∞ are unitary groups which satisfy
the commutation relation (iii), we have that Rωω∈H is a strongly continu-
ous unitary representation of H on L (see [15, p. 568]).
It is easy to check that
ρx+iy t = Rx+iy ty if x ∈ R y ∈ 0 a t ∈ R
By Lemma 4.1, k has a continuous positive deﬁnite extension to H .
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